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The Method of Moments (MoM)

It consists of equating sample moments and population moments. If a
population has t parameters, the MOM consists of solving the system of
equations for the t parameters.

E(x*) is the k* (theoretical) moment of the distribution (about the
origin), for k =1,2,. ..

E((x — p)k) is the k* (theoretical) moment of the distribution (about the
mean), for k =1,2,...

My = 2577, xK is the k™ sample moment, for k = 1,2, ...

My = 13711 (x; — X)X is the k*" sample moment about the mean, for
k=1,2,...
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Statistical model: Normal distribution

Let Xi,..., X, normally distributed random variables with parameter
w and o. What are the method of moments estimators of p and o7

the first and second theoretical moments are:

E(x) =p, E(x?) = Var(x)+ E(x)? = 0% + 12

the first and second sample moments are:
X= 23 M= 23
iz
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Solving for
1 n
=) %=X
i=1
Solving for o
1 n
02+,u2 = - x,2
i3
1 n
o? = =Y X
n
i=1
N 1<
52 = =) x*-%°
n
i=1
1< 1<
~2 2 32
= 2% —(*ZX,)
n* n“
i=1 i=1
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Statistical model: Bernoulli distribution

Let Xi,..., X, Bernoulli random variables with parameter p. What is
the method of moments estimator of p?

the first theoretical moment about the origin is:

the first sample moment is:

Solving for p

)
I

x
I
|
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Statistical model: Binomial distribution

Let Xi,..., X, Binomial random variables with parameters n and p.
What are the method of moments estimators of n and p?

the first and second theoretical moments are:

E(X)=np, Var(X)=np(1-p)

the first and second sample moments are:
1 1¢ -
X=—) % 5. = ;Z(x,- —X)?
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Solving for n

i=1

| X

Solving for p
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Statistical model: Gamma distribution

Your turn now :)

Let Xi,...,X, Gamma random variables with parameters o and 6.
What are the method of moments estimators of o and 67

the first and second theoretical moments are:

E(X)=a#, Var(X) =« 6>

v

the first and second sample moments are:

o1 1¢ _
x:;;x,-, SX:;;(Xi_X)Z
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Solving for «

al = Xi =X
L
N X
o = =
0

Solving for 6

\
5
X
|
X
N—r

N
Il
Q
SN
N
Il
x|
SN
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Statistical model: Arbitrary distribution

Let Xi,..., X, random variables follow a distribution with parameter
o, such that the pdf is f(x|a) = a 2 xe= , x > 0,a > 0.

What is the method of moments estimator of «?

Hint: f(x|0) = 1 €7, E(xK) = [£°X" 7 dx = k! 0

the first theoretical moment is:

E(x) = / x a?x e= dx

o2

= — X—eadx
0 «

= —()a2:2a

o
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the first sample moment is:

X = — X;

Solving for «

o))
\
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Maximum likelihood

Given a random sample X1, Xo, ..., X, from a population with
parameter 6 and density or mass p(x;|#), we have:
The Likelihood, L(8),

L(0) = f(x1,x2, ..., Xn) = H f(xi|0)
i=1

Denote the unknown parameter by 6.
How should we estimate 6 based on the sample data?

Choose the value of § that yields the greatest probability of getting
the observed data. The Maximum Likelihood Estimator, 8

6 = argmaxL(f) = argmax log L(6)
[4 [4
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Likelihood

Assuming independent observations (a “random sample")

L(h) = ﬁp(yfl9) or 12[ f(yil0)
i=1 i=1

The likelihood is the probability of obtaining the observed data — expressed as a
function of the parameter.

This is a standard calculus problem in maximizing a function.

It is usually more convenient to maximize the natural log of the likelihood.

{(X) = log L(0) = log | ] p(xi[0)

The answer is the same because log(x) is an increasing function.

The greater the likelihood, the greater the log likelihood.
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The distributive law

a(b+ c) = ab + ac. You may see this in a form like

n n
0 Z Xj = Z GX,'
i=1 i=1
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Power of a product is the product of powers

(ab)€ = a° b°. You may see this in a form like

n o
=) =1L
i=1 i
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Multiplication is addition of exponents

aPac = ab*<. You may see this in a form like

H 0= = 0" exp(—0 ZX,‘)
i=1 i=1
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Powering is multiplication of exponents

(a®)¢ = aP°. You may see this in a form like

(ep,t—&—%aztz )n — enut+%na2t2

Heba Alhosainy (Technische Universi Dortmund)

Exam Coaching: Reading Course Inference



Method of moments, Maximum likelihood
0000000000000 00@000000000000O00000000000O000000

Log of a product is sum of logs

log means natural log, base e, possibly denoted In on your calculator

log(ab) = log(a) + log(b). You may see this in a form like

n n
log H X; = Z log x;
i=1 i=1
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Log of a power is the exponent times the log

log(a®) = b log(a). You may see this in a form like

log(6") = nlog 6
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The log is the inverse of the exponential function

log(e?) = a. You may see this in a form like

n n
log | 0" exp(—QZx,-) =nlogh — 0 Zx,-

i=1 i=1
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Statistical model: Exponential distribution

Let Xi,..., X, be a random sample (that is, independent and identically
distributed) from an Exponential distribution with parameter \

f(x)=xe™, x=0,1,2,3,..... A>0

Derive a formula for X the maximum likelihood estimate of \.
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Steps to find the MLE estimator: Step 1

Define the likelihood function L())

The likelihood function of the Exponential distribution is:

L(A) =[] FGalA) = [ Ae ™
i=1 i=1
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Steps to find the MLE estimator: Step 2

Define the log likelihood function /()

Maximizing the likelihood function is equivalent to maximizing the natural
log of the likelihood function.
The natural log of the likelihood function of the Exponential distribution is:

LX) = logL(\) =log ﬁ f(xi|\)

n
= log H e XA
i=1
= log ()\" _AZ;,:I Xi)

= nlog(\) — )\Zx,
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Steps to find the MLE estimator: Step 3

Take the derivative of the log likelihood function

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter

% _ (% log @1 f(x,-|A)>

a n
= (n log(\) — )\Iz::lx,-)
= - > xi

i=1
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Steps to find the MLE estimator: Step 4

Set the derivative of the log likelihood function 20

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter
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Steps to find the MLE estimator: Checking step

Take the second derivative of the log likelihood function

Check that the estimator is the maximum of the likelihood by taking the
second derivative w.r.t the distribution parameter, It SHOULD be < 0

U0  RUN), n

o av(X_;”)
—n
= V<0
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Statistical model: Poisson distribution

Let Xi,..., X, be a random sample (that is, independent and identically
distributed) from a Poisson distribution with parameter A

—)\)\x
p(x,-|)\):exl . x=0,1,2,3,.... A>0

Derive a formula for X the maximum likelihood estimate of \.
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Steps to find the MLE estimator: Step 1

Define the likelihood function L()\)

The likelihood function of a Poisson distribution is:

n —AAm

L\ = Hp(x,u 11

=1 "
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Steps to find the MLE estimator: Step 2

Define the log likelihood function /()

Maximizing the likelihood function is equivalent to maximizing the natural
log of the likelihood function.
The natural log of the likelihood function of a Poisson distribution is:
(A) = logL(x) =log ] p(xi|))
i=1
n =X\
e AN
= |
8 ,:1_{ X,'!
L g T
- [1i%1 xi!
= Iog(e_"’\) + Iog(AZLl X — Iog(H x;!)
i=1
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Steps to find the MLE estimator: Step 3

Take the derivative of the log likelihood function

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter

o) o L .
I )N log (H P(X:|)\)>
= 9 —nA—i—Zong A) — Zlogx
a)\ I fia
— _n+ i)(l

A
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Steps to find the MLE estimator: Step 4

Set the derivative of the log likelihood function £

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter

0l(N) L,

oA

)\:—X,'
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Steps to find the MLE estimator: Checking step

Take the second derivative of the log likelihood function

Check that the estimator is the maximum of the likelihood by taking the
second derivative w.r.t the distribution parameter, It SHOULD be < 0

920()) 920()) S x;
Fyvlalir vl Gl )
— —Z}\21X: <0
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Numerical estimate

Find the maximum likelihood estimator of P[X = 4], call it P[X = 4].

Calculate an estimate using this estimator when

X1 = 1,X2 = 2,X3 = 4,X4 =2.
A = 2.25,
~ e AN
Plx=4 =
- e(—2.25) (225)4
- 4
— 0.1126 )
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Statistical model: Bernoulli Distribution

Your turn now :)

Let Y1,..., Y, as a random sample from a Bernoulli distribution.That is,
independently for i =1,...,n,

p(yil) =61 -6, 0<h<1

for y =0o0r y =1, and zero otherwise.
Derive a formula for 5 the maximum likelihood estimate of 6.
Carry out the second derivative test.

The sample mean for a sample of n =49 is y = 4.2. Give a point
estimate of 6. Your answer is a number.
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Find the MLE of ¢

Denoting the likelihood by L(6) and the log likelihood by ¢(6) = log L(6),
maximize the log likelihood by taking the first derivative w.r.t the
parameter of the Bernoulli distribution.

o) 9, (e
— 2 - i(1 — pyLl—vi
= 69Iog<i:1_[10y(1 6) y)
0 no noy
= 20 log (02;:1 Yi(1— 9)’7_21‘:1 y,)

= % ((zn:y,) log 6 + (n — zn:)/i) log(1 — 9))
i=1

i=1
27:1 yi n— 27:1 Yi

0 1-46
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Setting the derivative to zero and solving

DY -
o= Zia -

y
Second derivative test: 8—';’§—€ —n (ﬁ; + g’;) <0

Concave down, maximum, and the MLE is the sample proportion:
0=y=p
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Statistical model: Standard Normal Distribution

Let Xi,..., Xy, as a random sample from a normal distribution. That is,
independently for i = 1,..., n, with mean u and standard deviation o:

X ~ N(p, 0%)
1 _=w?
ol o) = ——e 0

Derive a formula for ji and &, the maximum likelihood estimates of p
and o.
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Steps to find the MLE estimator: Step 1

Define the likelihood function L(u, o)
The likelihood function of the standard normal distribution is:

n _=m)?

20

n
L(M,J) = H f(XI'| 2285
i=1
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Steps to find the MLE estimator: Step 2

Define the log likelihood function /(u, o)

Maximizing the likelihood function is equivalent to maximizing the natural
log of the likelihood function.
The natural log of the likelihood function of a Poisson distribution is:

E(N’a 0) = IOg L(H, 0) = IOg H f(Xfl My U)
i=1

= Iogﬂ 127Te_(_xé<r+)2
1 '-7_ Xj — 2
|Og(0_\/z)n_(2’_1go_2 M) )
1 " — p)?
n|0g(g\/%)_(21_1g;2 4) )
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Steps to find the MLE estimator: Step 3

Take the derivative of the log likelihood function

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter p, o is considered as a constant

o(p, o) 9

—— = —lo f(xi| w,o
o o g(g (xil ))

0 1 S ra(xi — p)?
— a(n Iog(am)—( 1202 )>
Sima(xi — u)

o2
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Steps to find the MLE estimator: Step 4

Set the derivative of the log likelihood function 20

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter p

olp, o) 1+
ou N
1 n
po= n Xj
i=1
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Steps to find the MLE estimator: Checking step

Take the second derivative of the log likelihood function

Check that the estimator is the maximum of the likelihood by taking the
second derivative w.r.t the distribution parameter, It SHOULD be < 0

o) Pl o) ST (xi — )
2 - 7 ( 2 )
o oW o
= —-1<0
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Steps to find the MLE estimator: Step 3

Take the derivative of the log likelihood function

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter o, u is considered as a constant

% _ % log <,_H1 f(xi| 1, U))
0 1 D — )2
= 3 (n Iog(a 27r) _ (Z,_lgaz 1) )>
n i (e — )2
= % (n log (1) — nlog(o) — > log(27) — (W)>
- _Z N 27—1(:;— )
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Steps to find the MLE estimator:

Set the derivative of the log likelihood function 20

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter [

oM(p,0) 1
Jdo =0
5 Sl

n
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Steps to find the MLE estimator: Checking step

Take the second derivative of the log likelihood function

Check that the estimator is the maximum of the likelihood by taking the
second derivative w.r.t the distribution parameter, It SHOULD be < 0

Pl(p,0) 32€(u,0)(_g Sra(xi — p)?
002 - Oo2 o
< 0

o3
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The MLE estimators

1 n
i=1

1 n
52 = =3 (x5 —p)?
i
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SETNTIES

Let Xi,...,X, iid, a random sample from a population with pdf,

2

1. p(xil0) == y exp%, y>0,60>0

N

0
2.p(x,-|0):)7, 0<f<x<o0

Find the maximum likelihood estimator of 6.
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Definition (Bias)
The difference between this estimator’s expected value and the true
value of the parameter being estimated.

bias(, 0) = Eg[0 — 0]

bias(6) = E(A) — 6

where E[ ] denotes the expected value over the distribution p(x|8),
i.e. averaging over all possible observations x

When the parameter of the distribution and estimator 6 are obvious
from the context, we write bias(f) for ease of notation.
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Positive bias indicates that the estimator provides an over-estimate
the target parameter on average._

bias, which motivates the following definition.

Definition (Unbiasedness)

An estimator 0 is said to be unbiased if bias(f,#) = 0 for all # € 6. Then
E(9) =6.

e e that an unbiased estimator must have zero bias for

for the following reason: for any given estimator
we can usually find some distribution under which the estimator has zero
bias. For example, for some ¢ € R, the constant estimator § = ¢ has zero
bias.
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Bernoulli distribution

Let X1,...,X, be a random sample from a Bernoulli distribution with
parameter p, then

is the maximum likelihood estimator (MLE) of p. Is the MLE of p an
unbiased estimator ofp?

Recall that if x; is a Bernoulli random variable with parameter p,
then E(x) = p.

—_
3>

E(R) = E(; Yo%) lZE(X,)— Zp—%nm:

n

S
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Standard Normal distribution

Let Xi,...,X, be a random sample from a standard normal distribution
with parameters  and o2, then

— 1 <& 1< | ')L
L= B = ;in, 32:;2(&'—#)2:?&0@')(
i=1 i=1

are the maximum likelihood estimators (MLE) of 11 and o2. Are the MLE
of fi and 2 are unbiased estimator of ;1 and 0??

Recall that E(x) = i
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Standard Normal distribution: cont.
- — ) . A = (<)
E L%Lv\a—i) = " (s‘*»)]’_(,)r»
A s
i ‘,\6—4V\M—X —/ —M

g Lot _@:ﬁ-
ReCa” that Var(X) = 0' — 6'2__(1\- = r\%/

=2 2 _2 (n—1)02
E(6%) = E(- Z& —X)):[—ZEX,)]_ ()= =T

ELY: )_‘,’ Vo (5(() J((E@(L)B e (X(—)—()t': f’ Z CX‘L‘I ’Lb(l-;(--p)( )
— + 2 Nz . N o _1_2
= 5+ oom . z & Xt I‘_’)( f,_(n;(}
Ex- wC*)«LCX)] e
— P n i

5/--\-AJL
m
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Poisson distribution

Your turn now :)

Let Xi,...,X, be a random sample from a Poisson distribution with
parameter A, then

~ 17
)\ = ;;Xi

is the maximum likelihood estimator (MLE) of A. Is the MLE of X an
unbiased estimator of A\?

(e
L) e(L&re) -t 6(Eu)- Z€X) o Lindo)
(:fas(f)_— ECN)-X=A-A-o

XMLg ) unﬁl'«rebl ca’gmdby
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Poisson distribution

Your turn now :)

Let Xi,...,X, be a random sample from a Poisson distribution with
parameter A, then

~ 1<
)\ = ; ZX[
i=1
is the maximum likelihood estimator (MLE) of A. Is the MLE of X an

unbiased estimator of \?

Recall that if x; is a Poisson random variable with parameter A,
then E(x) = \.

~ 12 1 Z 1 2 1
E()‘): E(EZXI):; Z E(Xl):; )\:;111'2)\
] i=1 -1

Therefore, the maximum likelihood estimator is an unbiased estimator
of \.
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Mean Squared Error (MES)

Definition (MSE)

The mean squared error (MSE

MSE(9) = E[|0 - 0] —_

where E|[ ] denotes the expected value over the distribution p(x|6),
i.e. averaging over all possible observations x

An estimator is said to be unbiased if its bias is equal to zero for all
values of parameter 6.

bias() = 0 then E(f) = 0. Hence, MSE(f) = Var(d)
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Bias-Variance decomposition

We here prove the bias-variance decomposition. By the definition of MSE,

hﬁE@):E@—eﬁ

= E[f — )]
* 2E[( — B())(E(D) — 0)]
+ bias(9)? + 2(E(0 — 0) E(0 — E(0))
=0

= bias(f)? + var(d)

which concludes the proof. Ol
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Let Xi,...,X, are random variables from a Poisson distribution with
parameter A. Find MSE of A =X

MSE(}) = bias(}1)? + var(})

= var(\) = var(x)
= V&I‘(% Z Xi)
i=1

= lz V&I‘(Z X;)

i=1
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Exercise

Let Yq,..., Y,,_variables with parameters n and p.

We have two estimators p; = ¥ and p; = £t

n+2
What value of p does p> achieve a lower MSE than p1?

ECP) g ()=t €)=t 0P =P
bias ()= €F)-p = P-P=©
Msech) - Var(f) =Var [77}:”_/; Ver (3)
= nPLP) PP

n n

Intrasedl

[}
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Exercise: cont.
S Faty)=np (1

Let Yi,...,Y, Binomial random variables with parameters n and p.
_ y+1

We have two estimators pr = ¥ and py = 275
What value of p does p> achieve a lower MSE than p1?

: a E(/)z} € (n-(-z) h+2 C(yf// -,_,_(E(j} E(’/) nﬂ..c/
é{"u(ﬂ'/—' g(’oz) -p - ﬂ£+ _p

yar (4) = var hy{//) /t/ar () a0 ) - (”P(’):/’)
n 2
HSE[P:) = Volr/ﬂ/_f brﬂf(/a/
p1-F) e
Cn-ilz)f /,:,ﬂ_,z/ —f) )
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Exercise: cont.

Let Yi,...,Y, Binomial random variables with parameters n and p.

We have two estimators p; = ¥ and p; = X5

What value of p does p> achieve a lower MSE than p1?

: regored — MSE () <MJ€(ﬁ,

()-P) . : (1-P)
npl-F7 /"ﬂ /—f) L f%-—

(n+2” EXTH

¢

Y / n- | _L_ <
(B << b (1)
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Standard Normal distribution

Your turn now :)

Let Xi,..., X, be a random sample from a standard normal distribution
with parameters # and o2, and let

_ 1
b =xi, bo==) X
s

Find the following:

MSE of 9:1
MSE of 6,
Which is better?
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Standard Normal distribution: cont.

2

var(f1) = var(x;)) = o
bias(f1) = E(61) — 0

ow

=0—-0=0
MSE(6;) = bias(6)? + var(h)
= var(0)
= 0'2
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Standard Normal distribution: cont.

MSE(6>)

n

var(fy) = Var(% > xi)

i=1

-y

bias(f,) = E(f2) — 6

2
MSE(6:) = bias(0)? + var(d) = var(d) = "7
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Standard Normal distribution: cont.

Which estimator is better in terms of MSE

MSE(f,) < MSE(#;)  for n > 1

Hence, 9A2 is better estimator than 9A1
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Consistent estimator

Definition (

A sequence of estimators {0} is consistent if 0, 20 as n— .

A sequence of estimators {0} is consistent if MSE(()) — 0 as n — oo.

The larger the sample size we can achieve the more accurate our
estimation becomes.

We can reduce the mean squared error by either reducing the bias, the
variance or both. It is easy to see that the mean squared error of an
unbiased estimator is the variance itself. Therefore, when comparing
among the class of unbiased estimators we only need to care about the
variance of the estimators. This motivates the cram-Rao bound.

(will be introduced later).
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Uniform distribution

Let Xi,...,X, are random variables from Uniform distribution with
parameter 6 and the pdf is

n—1 0n f < < 0
f(x,0) = X"/ if 0< X.—
0 otherwise
then
o = max (x1, X2, . . ., Xn)

is the maximum likelihood estimator (MLE) of 6.

Find the following:

bias of §
MSAE of 6
Is 6 a consistent estimator of 6

Heba Alhosainy (Technische Universitiat Dortmund) Exam Coaching: Reading Course Inference


Parsa
Highlight
uniform distribution, in statistics, distribution function in which every possible result is equally likely; that is, the probability of each  occurring is the same.

Mesal

https://rednaxela1618.wordpress.com/tag/uniform-distribution/


Bias, MSE, UMVUE
000000000000 00O000000e000000000000000000

Uniform distribution: cont.

>

bias(f) = 0— 6
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Uniform distribution: cont.

B(6?) — /0 "2 F(x) dx

0 o n Xn—l
= x° —— dx
0 on

6
n
:/ x™
0 on

n 2
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Uniform distribution: cont.

var() = E(62) — [E()))?

z 2 z 2
“nya’ _<n-|—1) ’
—_ " g
(n+2)(n+1)2
MSE(6) = bias(#)? + var(f)
—0
=(n—i-l) +
B 262
T (n+2)(n+1)

(n+2)(n+1)? #
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Uniform distribution: cont.

A

0 is a consistent estimator of 6

262

A MSE(O) = lim 1)

Hence, 6 is consistent estimator of 6
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Exercise

Your turn now :)

., X, are random variables from a distribution with

Let Xi,.
parameter 6 and the pdf is
1
f(X’H):ﬁ (1+6x), -1<x<1, -1<6<1

Show that 3X is a consistent estimation of .
E(x)= S‘ XL Ct+8 x) el

=Jz— 5' X+ Ox dX

% a
( 5
=4 X 2&)
2(7#6‘5 -1
= L i 6
+ (k%) -2.9)]
2
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Exercise

Let Xi,...,X, are random variables from a distribution with
parameter 6 and the pdf is

1
f(x,0)z§ (1+0x), -1<x<1, -1<0<1
Show that 3X is a consistent estimation of 0.

£x) - j’f. L G1+ex) dx

3
=5 f K*1 B4 oK
= 1
4L ed]]
z (5T % Ty
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Exercise

Let Xi,...,X, are random variables from a distribution with
parameter 6 and the pdf is

f(x,G):% (1+0x), -1<x<1, -1<0<1

Show that 3X is a consistent estimation of 0.

Yar (X)-= é(xz) = ECX)Z

-5 (%
- O
=,
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Exercise

Let Xi,...,X, are random variables from a distribution with
parameter 6 and the pdf is
1
f(x,0)z§ (1+0x), -1<x<1, -1<0<1

Show that 3X is a consistent estimation of 0.

E(3X)= 3 ECX)

= 5€(—:,“.=f=)
= %E(%}o)
.3 2 E)
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Exercise

Let Xi,...,X, are random variables from a distribution with
parameter 6 and the pdf is

f(x,0):% (1+0x), -1<x<1, -1<0<1

Show that 3X is a consistent estimation of 0.

bias (3x) - €Gi) -0 - - -0
Var(2X) = 9 Var(K)

- g vur (227

:’% l/ar(%’;;)

=1 n var(es)

2
ne 2
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Exercise

Let Xi,...,X, are random variables from a distribution with
parameter 6 and the pdf is

f(x,0):% (1+0x), -1<x<1, -1<0<1

Show that 3X is a consistent estimation of 6.
A
MSE(3X)= vr(3i) + bras(3X) i

ar(3 X) "c/n}fouea{ esAmadtor

)

- 3-0
n 2
Q,m Msg (%) - ﬂm Var (35 . ,% =

n- o

— 31 0 nsotd estmator
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UMVUE and MVUE

Def n

6 is an efficient unbiased estimator if the variance of @ is smaller than the
variance of any other unbiased estimators of 0 based on the same sample
size. It mlght also be referred to as a uniformly minimum variance
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Minimum Variance Unbiased Estimator(MVUE)

When you take multiple samples from a population, each of those samples
will (probably) have different statistics: a slightly different mean or
standard deviation /variance. The MVUE is the statistic with the lowest
variance.

There isn't a simple formula to find the MVUE and UMVUE, and it may
not actually exist for your samples. There are two main ways you can find
or verify a MVUE:

Use the Cramer-Rao Lower Bound. This sets a lower bound for the
variance. If you can find an estimator that meet this condition, you've
found the MVUE. Find a sufficient statistic and then use the
Rao-Blackwell theorem.

Heba Alhosainy (Technische Universitat Dortmund) Exam Coaching: Reading Course Inference 80/ 87


Parsa
Highlight

Parsa
Highlight

Parsa
Highlight


Bias, MSE, UMVUE
000000000000 00O0O0O00O000O00O0O0000000e000000

Statistical model: Poisson distribution

Let Xi,..., X, be a random sample (that is, independent and identically
distributed) from a Poisson distribution with parameter A
e AN

p(xi|A) = R x=0,1,2,3,..... A>0

Derive a formula for X the maximum likelihood estimate of A. Show
that A is an efficient estimator.
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Steps to find the MLE estimator: Step 1

Define the likelihood function L()\)

The likelihood function of a Poisson distribution is:

n —AAm

L) = Hp(x,u 1%
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Steps to find the MLE estimator: Step 2

Define the log likelihood function /()

The natural log of the likelihood function of a Poisson distribution is:

() = logL(n) =log [ (i)
i=1

n e—)\ 2\Xi

= IogH
i=1
(e=™) Az ™

T2 xi!

= log(e™™) + Iog(AZLl ) — Iog(ﬁ xi!)
i=1

X,'!

= log

= —n\+ Zn:x,- log(\) — Zn: log(x;!)
i=1

i=1
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Steps to find the MLE estimator: Step 3

Take the derivative of the log likelihood function

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter

o) o L .
I )N log (H P(X:|)\)>
= 9 —nA—i—Zong A) — Zlogx
a)\ I fia
— _n+ i)(l

A
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Steps to find the MLE estimator: Step 4

Set the derivative of the log likelihood function £

Maximize the log likelihood by taking the derivative w.r.t the distribution
parameter

olN) 1
o 0

)\:—X,'
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Steps to find the MLE estimator: Checking step

Take the second derivative of the log likelihood function

Check that the estimator is the maximum of the likelihood by taking the
second derivative w.r.t the distribution parameter, It SHOULD be < 0

820(\) 94N (_n 4 T

o2 ox V" N )
— —Z}\21X:<0
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Steps to find the MLE estimator: Step 5

Take the expectation of the second derivative of the log likelihood
function

Check that the estimator is the maximum of the likelihood by taking the
second derivative w.r.t the distribution parameter, It SHOULD be < 0

826)\ —E ’-7_1X,'
E(a§2)> _ -ELx)

22
_ _oa @
X
A A
CRLB = ;zvar()\)

Hence, X is an efficient estimator, it’s also unbiased — is UMVUE.
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